Introduction
Vorticity, defined as the curl of velocity ( ω ≡ ∇ × u ), has become a topic of significant interest over the past century. As a measure of local fluid rotation, vorticity has proven to be useful for characterizing a variety of natural phenomena. While vorticity is not a primary variable such as velocity or pressure, it contains a wealth of information that is invaluable to a variety of fields including aerodynamics ( Brown and Michael, 1954; Graham, 1983; Katz, 1981; Karman and Sears, 1938; Sedov et al., 1965; Wu, 1981 ) , turbulence ( Chorin, 1996; McWilliams, 1984; Grant, 1958; Hussain, 1986 ) , and mixing ( Sutera, 1965; Jacobi and Shah, 1995; Mehdizadeh et al., 2011; Zhang and Mohseni, 2014 ) . The importance of vorticity has been well recognized and we refer the reader to the works of Truesdell (1954) , Lim and Nickels (1995) , Saffman (1992) , and Wu et al. (2006) for a general discussion of the generation, dynamics, and decay of vorticity. Among these publications, the discussion of vorticity generation is often focused on smooth solid interfaces. However, as the complexity of physical problems continues to grow, there is a clear need to develop a better understanding of vorticity and vorticity generation in complex geometries and multiphase flows.
In this manuscript, we are motivated by the work of DeVoria and Mohseni (2015) to examine the vorticity near corner singularities along a fluid interface, or the moving contact line (MCL). In their investigation, the authors performed a detailed study of translating droplets using micro-particle image ve-locimetry (micro-PIV). They observed high concentrations of vorticity near the MCL in addition to a vorticity sign change near the droplet interface, see Fig. 1 . In the lower left quadrant of the droplet, flow near the trailing contact line is captured and shows strong concentrations of negative vorticity as expected. However, small patches of positive vorticity appear along the trailing interface, leading one to question the source of this opposite signed vorticity. The authors attributed this vorticity to boundary layers on the fluid-gas interface, but suspected that vorticity was being generated at the moving contact line. However, vorticity at the MCL was outside the scope of their investigation and thus they did not pursue this topic. Fig. 1 . Velocity and vorticity field of a water droplet translating in a microchannel. Velocity is plotted relative to a reference frame moving with the droplet. Data was collected using particle image velocimetry. Significant vorticity is apparent near both the leading and trailing triple contact points; indicating the possibility of a vorticity source at these locations. The droplet has a length to height ratio of 2 and a Reynolds number of approximately 6.5. Reproduced from DeVoria and Mohseni (2015 In this paper, we build on the work of DeVoria & Mohseni by performing a theoretical investigation and experimental validation of vorticity at the moving contact line. Section 2 introduces an analytic model for vorticity at the MCL and demonstrates that the vorticity has a dipole distribution. This vorticity dipole indicates that the MCL is a dipole source of vorticity that allows opposite sign vorticity generation. Section 3 compares the vorticity dipole solution with experimental data and continuum numerical simulations. Conclusions of this investigation are given in Section 4 .
Dipole model of vorticity at the MCL
In a small region adjacent to the moving contact line, the interface geometry can be approximated by a corner, as seen in Fig. 2 (a) . r and θ define a local polar coordinate system centered at the moving contact line, φ denotes the apparent dynamic contact angle, and the boundaries of the corner represent the fluid-solid and fluid-gas interface. At the boundaries, the fluid has a velocity u a and u b . If this region is small, such that the local Reynolds number is significantly smaller than 1 ( Re = ρUr/μ 1 ), then the flow is governed by the Stokes equation which is given by
where p denotes the pressure, ρ the density, U the mean velocity, μ the dynamic viscosity, and u the fluid velocity. The governing equation for vorticity in a Stokes flow is given by
and can be obtained by taking the curl of Eq. (1) . As a first order approximation, we set u a and u b to be constants and find that the solution for vorticity near a moving contact line is given by
Details of the solution method and exact analytical relations for the coefficients α and β can be found in Appendix A . dipole. According to this model, any moving contact line flow with constant interface velocities will contain a simple vorticity dipole. Furthermore, this result predicts a non-zero radial vorticity gradient as r → 0, indicating that vorticity is generated at the moving contact line. Because this vorticity generation can be positive and negative, a portion of the opposite signed vorticity observed in DeVoria and Mohseni (2015) originates from the contact line.
The amount of positive and negative vorticity is determined by α and β, which are functions of the interface velocity and apparent contact angle only. As such, the vorticity dipole strength and orientation are determined easily from macroscopically observed quantities. In practice, one could use this knowledge to treat a surface and control contact angle such that vorticity generation is either increased or decreased depending on the application. In dynamic applications, the contact angle could even be manipulated on demand using techniques such as electrowetting ( Mugele and Baret, 2005; Baird et al., 2007 ) . Despite this relatively simple model, the following sections will demonstrate that the vorticity dipole is consistent with experimental data and numerical simulations.
Comparison with numerical and experimental results
In order to validate the vorticity dipole model, we will compare the theoretical model with the micro-PIV data originally presented by DeVoria and Mohseni (2015) in addition to a matching numerical simulation. Specifically, we will examine the lower left receding contact line of the droplet shown in Fig. 1 . The parameters of this example are extracted from the experiment, which yields a droplet aspect ratio of two and Re D = ρUD/μ = 6 . 5 where D denotes the diameter of the channel. Details regarding the experimental setup can be found in DeVoria and Mohseni (2015) . The numerical simulation is conducted using Gerris ( Popinet, 2003 ) , where the multiphase flow was simulated using the volume of fluid (VOF) method and surface tension effects were captured using the continuumsurface-force method ( Popinet, 2009 ). The numerical simulation was run using a leading edge contact angle of 90 °, a trailing edge contact angle of 30 °, and a droplet Reynolds number matching the experiment. Grid size was set to D /256.
In Fig. 3 (a) and (b), the theoretical velocity and vorticity field of the 30 °receding contact line is shown. At the interfaces, the velocity is set to u r (θ = 0) = −U and u r (θ = φ) = 0 . 4 U based on the interface velocities experimentally measured by DeVoria & Mohseni, where U is the mean velocity of the droplet. Given these boundary conditions, the theoretical solution predicts a dipole strength of α = 13 . 4 and a dipole orientation of β = 116 • . As expected, the theoretical velocity field circulates in a clockwise direction and corresponds to a vorticity field that is primarily negative. However, near the fluid-gas interface, there exists a small region of positive vorticity, as predicted by β, the vorticity dipole orientation. Thus the theoretical model predicts a dipole source of vorticity that generates both positive and negative vorticity. In the discussion below, we find that the experimental droplet, Fig. 3 (c and d) , and the numerical simulation, Fig. 3 (e and f) , are in excellent agreement with our theoretical model.
The experimental droplet exhibits vorticity that is primarily negative in the bottom half and primarily positive in the upper half. Near the lower left receding contact line, magnified in Fig. 3 (d) , there are high concentrations of negative vorticity and a small region of positive vorticity near the fluid-gas interface, in agreement with our theoretical predictions. If we superimpose the theoretical zero vorticity contour, denoted by the dash-dotted line, we observe excellent agreement in β, the vorticity dipole orientation. At present, we are unable to experimentally compare the dipole strength, as data near the MCL is not available due to limitations of the experimental setup. The numerically simulated droplet, shown in Fig. 3 (e) , matches the experimental droplet in both shape and vorticity distribution. At the lower left receding contact line, we once again observe high concentrations of negative vorticity, with a small region of positive vorticity. With the resolution of the numerical simulation, it is clear that the positive vorticity extends to the MCL and is created by the vorticity dipole source. Once again, we can superimpose the theoretical zero vorticity contour, and show that the theoretical, experimental, and numerical dipole orientation are all in agreement with each other. From the numerical vorticity field, we can also extract the dipole strength, which yields α num = 13 . 9 , and is in agreement with the theoretically predicted dipole strength of α = 13 . 4 . From these comparisons, we conclude that the vorticity dipole is an accurate model of vorticity near the MCL .
Conclusion
In this manuscript vorticity near a moving contact line was investigated theoretically. By assuming a relatively simple corner geometry and constant interface velocities, we found that vorticity near the MCL is modeled by a vorticity dipole. The strength and orientation of this dipole was identified analytically and found to be a function of the apparent contact angle and interface velocity only. Given this dipole distribution, the theoretical model indicates that both positive and negative vorticity can be generated at the moving contact line. When compared with experimental micro-PIV data and numerical simulations, the vorticity dipole shows excellent agreement despite the simplicity of the model. A detailed examination of the MCL shows that the theoretical dipole model is even capable of capturing the small regions of opposite signed vorticity observed on the droplet interface. In the future, this model of vorticity could be used to manipulate mixing in multiphase flows via contact angle modification.
